In this paper, the Euler-Bernoulli beam model is used to predict the structural instability of rotating cantilever tubes conveying fluid and subjected to uniform distributed tangential compressive load. The governing equation of motion and boundary conditions of the system are derived using the Hamilton's principle. Then, Galerkin method is applied in order to transform the resulting equation into a general eigenvalue problem. The present analysis is validated by comparing the results with those available in literature. Furthermore, the model is utilized to elucidate the stability characteristics of the system for different conditions.
The first study on a rotating cantilever tube conveying fluid has been carried out by Panussis and Dimarogonas (2000) . They showed that the rotational motion of the tube has a significant effect on the stability of the system. Nonlinear dynamic analysis of rotating pipe conveying fluid has been studied by Bogdevičius (2003) using finite element method. In another study, the influences of the angular velocity, the velocity of fluid and a tip mass were investigated on the dynamic behavior of a rotating cantilever pipe conveying fluid (Yoon and Son, 2007) . The dynamic stability of a rotating cantilever pipe conveying fluid with a crack and tip mass was studied by Son et al., (2010) . In addition, few studies have been accomplished to investigate the stability of rotating cantilevers subjected to non-conservative forces (Anderson, 1975; Kar and Neogy, 1989; Kar and Sujata, 1992; Sakar and Sabuncu, 2003; Sabuncu and Evran, 2005; Hosseini and Fazelzadeh, 2011; Fazelzadeh et al., 2014) . To the best of our knowledge, only one study (Wang, 2012) has investigated the instability of nonrotating pipes conveying fluid subjected to distributed follower forces.
It should be noted that there is no existing model so far in the literature able to take into account the combined effects of the fluid flowing inside the tube, uniformly distributed tangential follower force and rotation of the tube. For reliable and practical design of these structures, it is necessary to estimate the modal characteristics accurately. Therefore, it is highly desirable to develop and utilize simple and accurate methods. One of the most important practical applications of the current study is in local film-cooling of gas turbine blade which is produced by a row of jets. The other practical application of this work may be used in the design of rotating blades which are under the effect of non-conservative aerodynamic loads.
In this paper, the stability of the rotating cantilever tube conveying fluid and subjected to the distributed follower force is studied. The Euler-Bernoulli beam theory is used as structural model of the cantilever tube. The Hamilton's principle is utilized to derive the equation of motion and boundary conditions of the system. Using the Galerkin method, the obtained partial differential equation is transformed to ordinary differential equations. The equation of motion is expressed in matrix form and is solved numerically. The influences of the design parameters such as the rotating angular velocity, the velocity of fluid flow and magnitude of uniformly distributed tangential follower force are elucidated by the numerical simulation. The results are also compared with those reported in the literature.
MATHEMATICAL MODELING
A rotating cantilever tube conveying fluid with length L, and flexural rigidity EIt is attached to a rigid hub with radius r. The tube is subjected to a distributed compressive tangential load of intensity P (Fig. 1 ). An internal fluid is assumed to flow steadily through the tube with a constant velocity U. At and Af are the areas of the cross section of the tube and the fluid, respectively, and ρt and ρf their specific masses, respectively. The masses per unit length of the tube and the fluid are m =ρtAt and M =ρfAf, respectively. The system is assumed to rotate about z-axis with constant angular velocity Ω. The x-axis coincides with the undeformed elastic axis of the tubular cantilever. The material properties and geometrical parameters are supposed to be constant. The governing differential equation of the system can be obtained from the generalized form of the Hamilton's principle:
where in TT is the kinetic energy of the system, U is the elastic potential energy of the tube, Wcf is the conservative work due to the fluid flow, and δWncp and δWncf are the non-conservative virtual work due to the follower force and the fluid flow, respectively. The velocity vector of an arbitrary point on the cantilever due to rotation is given by:
where r is the position vector of an arbitrary point in the displaced state and Ω is the angular velocity vector. The position vector is defined by:
in which i and k are the unit vectors along the x-and z-axis, respectively. In addition, w is the lateral displacement. Therefore, the velocity vector of the tube can be obtained:
where (∎ ) denotes ∂(∎)⁄∂t. The kinetic energy of the tube is
where dVt is the tube element volume. The relative velocity of fluid flow with respect to the tube is assumed U, the velocity of fluid have to include the motion of the tube. Therefore, the flow velocity is (Païdoussis, 2014): Substituting Eq. (4) into Eq. (6), we have
Similarly, one can write the kinetic energy of the internal flow as
where dVf is the fluid element volume. Therefore, the first variation of the kinetic energy of the system is simply:
Here (∎ ) denotes (∂(∎))⁄∂x. Furthermore, the strain energy of the system is given by:
where T(x) denotes total centrifugal force acting at any point x and is given by:
The work done by the fluid flow is divided into conservative and non-conservative work. The conservative work Wcf due to the fluid flow is (Yoon and Son, 2007) :
The virtual work δWncf due to the non-conservative component of the fluid flow is as follows:
To obtain the virtual work of distributed follower force, one can assume that  i and  k represent the corresponding unit vectors in the deformed state of the tube. Therefore, the relationships between the deformed axis of the tube and unreformed state may be written as:
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The total virtual work of non-conservative tangential follower force acting on the cantilever tube might be expressed as:
Considering small deflections, it can be shown that the longitudinal displacement u(x, t) can also be obtained as:
Therefore, the eq. (16) can be simplified as
Substituting Eqs. (9), (10), (12), (13) and (18) into Eq. (1), and requiring that the integrand must be zero for any time interval [t1− t2], the governing equation and boundary conditions are obtained.
For simplicity of the equation of motion and numerical simulations, the following dimensionless parameters are introduced: 
SOLUTION AND STABILITY APPROACH

Galerkin Method
In order to discretize the partial differential equation, Galerkin method is used. Hence, the following set of modes is assumed to approximate the dynamic behavior of the system:
where φi(ξ) is function satisfying the boundary conditions and ci(τ) is generalized coordinate. Considering the boundary conditions of Eq. (23), one can use the following family of the orthogonal functions:
Substituting Eq. (24) into Eq. (22), multiplying the resultant equation by φj, and integrating over the domain [0,1] , the following system of equations can be obtained:
where ( 
STABILITY ANALYSIS
For the stability analysis, it is convenient to rewrite Eq. (26) in the first order variable form as: 
In order to impose condition of non-trivial solution of the above equation, the determinant of the coefficient matrix must be set to zero as:
Expansion of the determinant of above equation provides the system characteristic equation:
For given values of η, p, u and β, the eigenvalue λ of the system can be computed numerically from Eq. (35). In general, the eigenvalue λ and the corresponding eigenvector are complex quantities; λ=Re(λ)+iIm(λ). It should be noted that when p and u are zeros, all of the eigenvalues are pure imaginary conjugates and Re(λ)=0. In the presence of non-conservative parameters, when Re(λ) is positive, the system undergoes unstable oscillations. When Re(λ)=0 and Im(λ)≠0 the system is said to be in the critical flutter condition.
RESULTS AND DISCUSSION
In the following section, a numerical study is carried out to explore the instability characteristics of the rotating cantilever tube conveying fluid subjected to the distributed tangential follower force.Since the effect of hub radius (r*) on the dynamics of rotating cantilever tube conveying fluid has been clearly discussed in previous works (Cheng et al., 2011; Nagaraj andSahu, 1982; Rao and Gupta, 2001; Ozgumus and Kaya, 2007) ,here we just show how the rotating cantilever tube are influenced by the combined effects of the fluid flowing inside the tube, uniformly distributed tangential follower force and rotation of the tube. In addition, the solution of this problem through the Galerkin method is obtained by seven number of modes. The validity of the model is checked by comparing the obtained results with those given in the literature. Furthermore, the effects of the main parameters including rotating angular velocity, the velocity of fluid flow and magnitude of uniformly distributed tangential follower force on the flutter condition of the tube are also studied.
To justify the validity of the suggested model, we compare the present results with some existing results in the literature. In this way, two lowest natural frequencies of the rotating cantilevers without fluid flow and follower force are listed in Table 1 and compared with the results given by Chung and
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Yoo (2002), and Gunda and Ganguli (2008) In addition, Fig. 2 shows the coalescing trend of the imaginary parts of eigenvalues related to the first two coupled-modes of the system in the absence of rotating speed and fluid flow effects. The results are found to be in good agreement with given results by Simitses and Hodges (2006) . Moreover, the validity of the present formulation is proved through the good correlation between the results obtained in this study for the stability of an unloaded cantilever tube conveying fluid and the corresponding calculated results by Païdoussi(2014). The numerical results for dimensionless velocity (uf)and frequency (ωf) corresponding to instability and restabilization conditions as a function of β are given in Fig. 3 . Good agreement is observed between the two results.
The effect of non-dimensional rotating angular velocity on the critical flow velocity and corresponding flutter frequency of the cantilever tube conveying fluid in the absence of the follower force is shown in Fig. 4 . In this figure, the results are computed for five non-dimensional rotating velocities. It is recognized that the uf and ωfcurves contain a set of S-shaped segments. It is well known that these segments are associated with the instability-restabilization-instability sequences of tube's vibration. It should be noted that the negative-slope portions of the curves correspond to the thresholds of restabilization [Païdoussis, 2014] . It is also clear that the slopes of these segments are different for various values of rotating velocity. It is seen that the general dynamics of the system with η> 0 is similar to that for η=0, but for η> 0 the additional restoring force due to centrifugal effect causes uf to be higher. It is seen that the S-shaped curves in the stability diagram has a point of transition. In other words, for β< 0.22, p stabilizes the system and for β> 0.22, p destabilizes the system. Moreover, it is observed that as the follower force increases, the value of flutter frequency of the system is decreased.
Finally, we consider the stability of rotating cantilever tube conveying fluid subjected to uniformly distributed tangential follower force. Figs. 6 and 7 show the variations of the critical fluid flow velocity and flutter frequency of the system as a function of follower force for different values of rotating angular velocity for β=0.3 and β=0.8, respectively. It is observed that the curves contain a set of segments with positive and negative slopes. It is well known that these segments are associated with the instability-restabilization-instability sequences of tube's vibration. It should be noted that the positive-slope portions of the curves correspond to the thresholds of restabilization. It is clear that the slopes of these segments are different for different values of the non-dimensional angular velocity. The non-dimensional angular velocity parameter has a stabilizing effect on the tube's vibrational characteristics. In the segments with negative slope and for a given value of follower force, it can be observed that as the non-dimensional rotating angular velocity is increased, the critical fluid flow velocity of the tube increases and conversely, in the segments with positive slope, as the nondimensional rotating angular velocity is increased, the critical fluid flow velocity of the tube decreases. These figures can be used for determining the load limits when designing the cantilevers in which combined loads may be applied. 
CONCLUSIONS
The stability behavior of the rotating cantilever tubes conveying fluid and subjected to a distributed tangential load was investigated. In spite of some achievements in the stability analysis of the rotating cantilevers, to the authors' knowledge, there has been no attempt to tackle the problem described in the present investigation. Considering the rotation of the cantilever and including the coupled effect of the internal fluid flow and the distributed tangential load are the main contributions of the present paper. In addition, the validity of the results was successfully verified through comparison with data available in the literature. A detailed parametric study of the proposed model revealed the following points: (a) It was shown that the rotation of the cantilevers has stabilizing effect on the system's vibration.
Latin American Journal of Solids and Structures 13 (2016) 365-377
(b) It was indicated that the effect of distributed tangential load was to decrease the critical flow velocity corresponding to the flutter condition. (c) For a given non-dimensional angular velocity, higher values of the β yield higher critical non-dimensional frequency of lateral vibrations.
